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Abstract. We investigate existence and stability of bumps (localized stationary
solutions) in a homogenized 2-population neural field model, when the firing rate
functions are given by the unit step function.
Keywords: homogenization theory; existence and stability of stationary solutions of
nonlocal neural field models

1. The main results

The set of coupled integro-differential equations

∂

∂t
ue = −ue + ωee ⊗⊗Pe(ue − θe)− ωie ⊗⊗Pi(ui − θi)

(1)

τ
∂

∂t
ui = −ui + ωei ⊗⊗Pe(ue − θe)− ωii ⊗⊗Pi(ui − θi)

models the neural activity in the cortical tissue. Here f ⊗⊗g is is defined as

[f ⊗⊗g](x, y) ≡
∫
Ω

∫
Y

f(x− x′, y − y′)g(x′, y′)dy′dx′

where x ∈ Ω ⊆ ℜ, y ∈ ℜ, t > 0. ue and ui are the membrane potentials of excitatory
and inhibitory neurons, respectively, at the spatial point x, y and time t. The region Ω

is the spatial region occupied by the neurons. The functions ωmn (m,n = e, i ) model the
coupling strengths (referred to as the connectivity functions) in the network. The functions
Pm,m = e, i (referred to as the firing rate functions) are monotonically increasing and
assume values in the interval Y = [0, 1]. The connectivity functions are assumed to be 1 -
periodic in the variable y. The parameter τ is the relative inhibition time i.e. τ = τi/τe
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where τe ( τi ) is the excitatory (inhibitory) time constant, while θe and θi are the threshold
values for firing of the excitatory and the inhibitory neurons, respectively. The system (1) is
derived from a 2-population neural field model with periodic microstructure incorporated in
the connectivity functions by using the 2-scale convergence technique of Nguetseng [1].

The connectivity kernels ωmn are expressed in terms of the scaling function Φ and the
footprint functions σmn, m, n = e, i :

ωmn(x, y;αmn) =
1

σmn(y;αmn)
Φ
(

x
σmn(y;αmn)

)
σmn(y;αmn) = smn(1 + αmn cos(2πy)), smn > 0, 0 ≤ αmn < 1 (2)

Φ(ξ) = Φ(−ξ), Φ(ξ) ≥ 0,
∫
ℜ
Φ(ξ)dξ = 1, Φ ∈ BC1(ℜ).

The parameters αmn, m, n = e, i are referred to as the heterogeneity parameters. We denote
the bump solutions by U = [Ue, Ui]. The components Ue and Ui can formally be expressed
as

Ue(x;αe) = Wee(ae − x;αee) +Wee(ae + x;αee)−Wie(ai − x;αie)−Wie(ai + x;αie),

Ui(x;αi) = Wei(ae − x;αei) +Wei(ae + x;αei)−Wii(ai − x;αii)−Wii(ai + x;αii),

where αe and αi are the vectors αe = (αee, αie]) and αi = (αei, αii) and

Wmn(ξ) =

ξ∫
0

( 1∫
0

ωmn(x, y)dy
)
dx.

Here the pulse width coordinates am > 0 are defined by means of the condition Um(±am) =

θm (m = e, i ). Necessary conditions for the existence of the bumps read

fe(a;αe) = θe, fi(a;αi) = θi, (3)

where fe and fi are given as

fe(a;αe) ≡ Wee(2ae;αee)−Wie(ae + ai;αie) +Wie(ae − ai;αie),

fi(a;αi) ≡ Wei(ae + ai;αei)−Wei(ai − ae;αei)−Wii(2ai;αii).

Here we have introduced the pulse width vector a = (ae, ai). We obtain the following result:

Theorem 1. Let Σ and I be the sets Σ = {(ae, ai); ae, ai > 0} and I = {(θe, θi);
0 < θm ≤ 1,m = e, i} and {Fα}α∈A be the 4 -parameter family of vector field Fα = (fe, fi) :

Ω → ℜ2 where α = (αe, αi) ∈ A ≡ [0, 1)4. Then the following holds true:
1. The set Fα(Σ) is bounded for all α ∈ A.

2. The vectorfield Fα : Σ → ℜ2 is smooth for all α ∈ A.

3. If the Jacobian DaF0(a0) is non-singular where a0 is a solution of (3) when α = 0,

then by the implicit function theorem the intersection between Fα(Σ) and I is non-
empty i.e. there is a k ∈ [0, 1) such that

Fα(Σ) ∩ I ̸= ∅

for α ∈ Ãk where
Ãk ≡ {α ∈ A; 0 ≤ αmn < k} ⊂ A.
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Based on this result, one can prove the following result:

Theorem 2. For α ∈ Ãk and DaF0(a0) being non-singular, the generic picture consists
of two solutions of the system (3) for each (θe, θi) ∈ J ≡ Fα(Σ) ∩ I.

This result is obtained by interpreting solutions of the system (3) as a transversal
intersection between two level curves and the one-to-one correspondence between the so-
lutions of (3) and the bumps. This result means that the typical situation consists of two
bumps for each (θe, θi) ∈ J.

We next study stability of the bumps U0 = (Ue, Ui). We write the system (1) on the
compact form

∂

∂t
U = T (−U + F (U)) ,

where F is the integral operator on the RHS of this system and

T =

(
1 0

0 1/τ

)
.

Then by imposing a perturbation on U0 i.e. by assuming

U(x, y, t) = U0(x) + V (x, y) exp[λt], V = (Ve, Vi)

and linearizing the resulting equation for V we end up with the eigenvalue problem

λV = G(V ), G(V ) = T
(
−V + F ′

U0
(V )

)
.

Here the Frechét derivative F ′
U0

is given by

F ′
U0
(V ) =

LeeVe − LieVi

LeiVe − LiiVi


(LmnVm)(x, y) =

1

|U ′
m(am)|

∫
Y

(ωmn(am − x, y′ − y)Vm(am, y
′) +

ωmn(am + x, y′ − y)Vm(−am, y
′)) dy′.

We have the following result:

Theorem 3. The spectrum Sp(G) of the operator G can differ from
∪

k=1,2

Sp
(
T +H(k)

)
only by two values, −1 and −1/τ. Here the integral operator H(k) : BC1(Y )×BC1(Y ) →
BC1(Y )×BC1(Y ), k = 1, 2 is given as

(H(k)vk)(y) =

∫
Y

TA(k)(y′ − y)vk(y
′)dy′, vk ∈ BC1(Y )×BC1(Y )

A(1)(y) =

A(y) +B(y) −C(y)−D(y)

E(y) + F (y) −G(y)−H(y)
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and

A(2)(y) =

A(y)−B(y) −C(y) +D(y)

E(y)− F (y) −G(y) +H(y)

 ,

where

A(y) = ωee(0,y)
|U ′

e(ae)|
, B(y) = ωee(2ae,y)

|U ′
e(ae)|

, C(y) = ωie(ai−ae,y)
|U ′

i(ai)|
, D(y) = ωie(ai+ae,y)

|U ′
i(ai)|

,

E(y) = ωei(ae−ai,y)
|U ′

e(ae)|
, F (y) = ωei(ae+ai,y)

|U ′
e(ae)|

, G(y) = ωii(0,y)
|U ′

i(ai)|
, H(y) = ωii(2ai,y)

|U ′
i(ai)|

.

The spectrum of H(k), k = 1, 2 which is computed by means of the Fourier-decomposi-
tion method, serves as the basis for the stability method. For the scenario with two bumps
for each pair of threshold values θe, θi, we find that one bump is unstable for all relative
inhibition times τ and the other one is stable for small and moderate values of τ. The latter
bump becomes unstable when τ exceeds a certain threshold.

R e m a r k 1. More details as well as other results can be found in Kolodina et al. [2].
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Аннотация. Исследованы существование и устойчивость бампов (локализован-
ных стационарных решений) усредненной двупопуляционной модели нейронного
поля в случае, когда функции активации задаются функцией типа Хевисайда.
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